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ON THE EQUIDISTRIBUTION OF UNSTABLE CURVES FOR
PSEUDO-ANOSOV DIFFEOMORPHISMS OF COMPACT SURFACES
GIOVANNI FORNI
ABSTRACT. We prove that the asymptotics of ergodic integrals along an invari-
ant foliation of a toral Anosov diffeomorphism, or of a pseudo-Anosov diffeo-
morphism on a compact orientable surface of higher genus, are determined (up
to a logarithmic error) by the action of the diffeomorphism on the cohomology of
the surface. As a consequence of our argument and of the results of Giulietti and
Liverani [GL] on horospherical averages, toral Anosov diffeomorphisms have no
Ruelle resonances in the open interval (1,ehtop).
1. INTRODUCTION
In this note we prove that the asymptotics of the equidistribution of unstable
(or stable) curves for any Cr (r > 1) pseudo-Anosov diffeomorphism of a compact
surface is entirely determined by the action of the diffeomorphism on the first coho-
mology (or homology) group up to a logarithmic error. This work was motivated by
the question on whether non-trivial resonances, in the interval (1,ehtop), do appear
in the asymptotics of ergodic integrals of Giulietti and Liverani [GL] for Anosov
diffeomoprhisms of the torus and in the spectrum of the relevant transfer opera-
tor. By comparing our asymptotics with that of Giulietti and Liverani [GL], we
conclude that no such non-trivial resonance exists. A direct, self-contained proof
that there are no non-trivial resonances for the transfer operator has been given si-
multaneously and independently by V. Baladi [Ba]. Her proof was an additional
motivation to write up the argument presented below.
The argument is inspired by the author’s proof [F02] of deviation of ergodic
averages for generic (almost all) translation flows on higher genus surfaces. Here
we only deal with the special case of unstable foliations of diffeomorphisms, but
we do not assume that the diffeomorphism is volume preserving. For this reason
we work in Hölder spaces instead of Sobolev L2 spaces (with respect to the invari-
ant volume). A complete description of Ruelle resonances, as well as a complete
asymptotics of ergodic averages and results on cohomological equations for lin-
ear pseudo-Anosov maps, has been given recently in the paper by Faure, Gouëzel
and Lanneau [FGL]. Our argument gives a simplified proof of the part of their
result concerning the Ruelle resonances in the interval (1,ehtop) and the deviation
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of ergodic averages up to a logarithmic error. Our argument also extends to the
“non-linear” case, which to the best of our knowledge has not been studied so far.
Let A :M→M be an orientation-preserving pseudo-Anosov diffeomorphism of
class Cr for any r > 1 of a compact surface M, finite set of fixed points (singulari-
ties) at Σ ⊂M, not necessarily linear (with respect to a translation structure onM),
but topologically conjugated to a linear pseudo-Anosov.
Let E+ ⊂ H1(M,C) and E− ⊂ H1(M,C) denote respectively the unstable and
the stable spaces of the finite dimensional linear map A# : H1(M,C)→ H1(M,C)
induced by A on cohomology. Let {µ1, . . . ,µ2s} ⊂ C denote its spectrum with
µ1 = λ > |µ2| ≥ · · · ≥ |µk|> |µk+1|= . . . |µs|= 1 .
Let J1(= 1), . . . ,Jk ∈ N\{0} denote the geometric multiplicities of the expanding
eigenvalues µ1 = λ > µ2≥ ·· · ≥ µk or, by symmetry, of the contracting eigenvalues
µ2g = λ
−1 < µ2g−1 ≤ ·· · ≤ µ2g−k+1 of the linear map A# : H1(M,C)→ H1(M,C)
and let
{C±i, j|i ∈ {1, . . . ,k}, j ∈ {1, . . . ,Ji}}
denote Jordan bases of the spaces E± ⊂ H1(M,C) respectively.
Let J0A denote the maximal geometric multiplicity of eigenvalues of A on the unit
circle, that is, of eigenvalues µk+1, . . . ,µ2g−k of A|E0.
Let L± denote the conditional measures of the Margulis measure (measure of
maximal entropy) along the leaves of the unstable and, respectively, stable folia-
tions F+ and F−. For any (x,L) ∈ M×R+, let γL(x) ⊂ M \Σ denote an unsta-
ble curve with initial point x ∈M and unstable Margulis “length” L+(γL(x)) = L
(whenever is exists). Since A is topologically conjugated by assumption to a linear
pseudo-Anosov diffeomorpshim, there exists a set of full measure (with respect to
the Margulis measure) of x ∈M such that γL(x) is well-defined for all L> 0.
1.1. Deviation of ergodic averages: invariant foliations. Let Z−1(M) denote the
subspace of closed currents of the space of currents of dimension 1 (and degree 1)
dual to the space Ω1(M) of 1-forms of class C1.
Theorem 1.1. There exist injective maps B± : E± → Z−1(M)⊂ Ω1(M)∗ into the
subspace Z−1(M) of closed currents (of degree and dimension 1) dual to the space
Ω1(M) of differential 1-forms of class C1 on M such that
A∗ ◦B
± =B± ◦A# on E± ⊂ H1(M,C) .
For i ∈ {1, . . . ,k} and j ∈ {1, . . . ,Ji} let us adopt the notation
B±i, j :=B
±(C±i, j) ∈ Ω
1(M)∗ .
The currents B+1 :=B
+(C+1,1) and B
−
1 :=B
−(C−1,1) and can be explicitly written as
follows: let M+ and M− denote the unstable and the stable Margulis measures.
For any 1-form α of class C1 on M we have
(1) B+1 (α) =
∫
M
M
−⊗α and B−1 (α) =
∫
M
α ⊗M+ .
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There exists a constant C > 0 such that the following hods. For any unstable curve
γL(x) of initial point x ∈ M and unstable length L > 1, there exists a set of uni-
formly bounded coefficients
{ci, j(x,L)|i ∈ {2, . . .k}, j ∈ {1, . . . ,Ji}}
such that, for any differential 1-form η ∈C1(M), we have
(2)
|
∫
γL(x)
η −LB+1 (η)−
k
∑
i=2
Ji
∑
j=1
ci, j(x,L)B
+
i, j(η)(logL)
j−1
L
log |µi |
htop(A) |
≤C‖η‖C1(M)[log(1+L)]
max(J0A,1)+1 .
In addition, there exists c> 0 such that for every x ∈M and for every i ∈ {2, . . . ,k}
and j ∈ {1, . . . ,Ji}, there exists a sequence Ln := L
(i, j)
n (x) such that
(3) inf
n∈N
|ci, j(x,Ln)| ≥ c .
From the above asymptotic result of formula (2), together with the lower bound
of formula (3), we can derive a posteriori additional invariant properties of the
closed currents B±1 , B
±
i, j which are not apparent from their construction. In order to
state these invariance properties we recall the following:
Definition 1.2. A current B is called basic for a foliation F on a smooth manifold
if, for all vector fields Y tangent to F,
LYB= ıYB= 0 .
If the current has dimension 1, by the identity LYB= ıYdB+dıYB it follows that B
is basic if and only
dB= ıYB= 0 .
Addendum 1.3. The currents B±1 and B
±
i, j for i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji}, of
Theorem 1.1 are basic for the unstable, respectively, stable, foliations F± on M \Σ.
The asymptotic expansion of Theorem 1.1 can be refined by introducing finitely
additive functionals on rectifiable arcs, following the work of A. Bufetov [Bu14] on
translation flows (see also [BuFo14] on horocycle flows and [FoKa] on nilflows).
Theorem 1.4. Let Γr the set of all rectifiable paths (considered as a subset of the
space of currents). There exists a map βˆ+ : Γr → B+(E+) ⊂ Z−1(M) into the
space of closed currents (with image in the space of basic currents for the unstable
foliation) such that the following holds. The map βˆ+ has the following properties:
(1) (Additive property) For any decomposition γ = γ1+ γ2 into subarcs,
βˆ+(γ) = βˆ+(γ1)+ βˆ
+(γ2) ;
(2) (Scaling) For any γ ∈ Γr, we have
βˆ+(Aγ) = A∗βˆ
+(γ) ,
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(3) (Stable holonomy invariance) For all pair of arcs γ1, γ2 ∈ Γr equivalent
under the stable holonomy, we have
βˆ+(γ1) = βˆ
+(γ2) .
In addition, the functional βˆ+ has the following asymptotic property: there exists
a constant C > 0 such that, for every arc γ ∈ Γr we have
‖γ − βˆ+(γ)‖−1 ≤C(1+L
−(γ))[log(1+L+(γ))]max(J
0
A,1)+1 .
1.2. Deviation of ergodic averages:unstable (horocyclic) flows. Let us then as-
sume that the tangent map DA of the pseudo-Anosov diffeomorphism preserves
the orientation of the unstable foliation of a pseudo-Anosov map A of class Cr
with r > 1+α and, as in [GL], let X denote a vector field of class C1+α , tangent
to the unstable foliation and normalized to have constant norm with respect to a
fixed Riemannian metric on M. By definition, for all n ∈ N there exists a function
νn :M \Σ → R such that (see [GL], formula (1.3))
DxA
n(Xx) = νn(x)XAn(x) , for all x ∈M \Σ .
From Theorem 1.1 we derive a result on the asymptotics of ergodic integrals for
the flow hX
R
generated by the unstable vector field X onM \Σ.
For linear pseudo-Anosov maps on higher genus surfaces, a sharper asymptotics
of ergodic integrals of the stable and unstable translation flows was obtained by
F. Faure, S. Gouëzel and E. Lanneau [FGL], who also proved complete results on
the existence and regularity of solutions of the cohomological equation.
For the case of toral Anosov diffeomorphisms the asymptotics of ergodic inte-
grals of stable and unstable vector fields was studied in the pioneering work of
P. Giulietti and C. Liverani [GL]. V. Baladi [Ba] has given a proof, independent of
ours, that in the for toral case there are no “deviation resonances” in the Giulietti-
Liverani asymptotics (see Remark 1.6 below). Her argument also proves that for
the stable or unstable vector fields of sufficiently regular Anosov diffeomorphisms
every zero average function is a continuous coboundary, a result which is beyond
the reach of our cohomological approach.
Let Xˆ be a 1-form of class C1+α dual to the vector field X , in the sense that
Xˆ(X)≡ 1 on M \Σ .
The unique invariant probability measure µX of the flow hXR is given by the condi-
tion
µX ∈R
+(B+1 ∧ Xˆ)
(
defined as
∫
M
f dµX =
B+1 ( f Xˆ)
B+1 (Xˆ)
, for all f ∈C1(M)
)
.
Let {DXi, j|i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji}} the finite set of distributions
DXi, j := B
+
i, j ∧ Xˆ , for all i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji} .
It follows from Addendum 1.3 (see Section 4) that, for all i ∈ {2, . . . ,k} and j ∈
{1, . . . ,Ji}, the distributions DXi, j are X -invariant, in the sense that
XDXi, j = 0 in D
′(M \Σ).
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The following asymptotic expansion of ergodic integrals holds.
Corollary 1.5. There exist a constant CX > 0 and, for all (x,T ) ∈ (M \Σ)×R+, a
finite set of uniformly bounded coefficients
{cXi, j(x,T )|i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji}} ,
such that, for all f ∈C1(M) and for all (x,T )∈ (M\Σ)×R+ with h[0,T ](x)⊂M\Σ,
we have
(4)
|
∫ T
0
f ◦hXt (x)dt−T
∫
M
f dµX−
k
∑
i=2
Ji
∑
j=1
cXi, j(x,T )D
X
i, j( f )(logT )
j−1T
log |µi|
htop(A) |
≤CX‖ f‖C1(M)[log(1+T )]
max(J0A,1)+1 .
In addition, there exists c> 0 such that for every x ∈M and for every i ∈ {2, . . . ,k}
and j ∈ {1, . . . ,Ji}, there exists a sequence Tn := T
(i, j)
n (x) such that
(5) inf
n∈N
|ci, j(x,Tn)| ≥ c .
Remark 1.6. (Comparison with a result of V. Baladi [Ba], Corollary 2.3) A similar,
but more refined, asymptotics of ergodic averages is proved in [Ba] for the case
of Cr Anosov diffeomorphisms of the 2-torus, a case for which the spectrum of
A# : H1(T2)→ H1(T2) has a unique expanding eigenvalue µ1 = λ > 1 (and no
neutral eigenvalues).
In fact, she proves (see [Ba], Corollary 2.3) that there exists r0,r1 > 1 such that
for any r ≥ max{r0,r1} there exist constants C > 0 and θmin < 0 such that for all
f ∈Cr−1(T2), and for all T > 0,∣∣∣∣
∫ T
0
f ◦hXt (x)dt−T
∫
T2
f dµX
∣∣∣∣≤C(T θmin | f |Cr−1 + sup | f |) .
In particular, µX( f ) = 0 if and only if f is a continuous coboundary.
In comparison with the asymptotics of Corollary 1.5 above, Baladi’s asymp-
totics has bounded, not logarithmic, error terms. However, such terms cannot be
neglected for general functions of class C1. A refined asymptotics with bounded
error terms may hold for general functions of class C1+α , for some α > 0, and for
such functions one can derive results on existence of solutions of the cohomologi-
cal equation (see [F07] and [MY16] also in the higher genus case). Such refined
results are beyond the purely cohomological approach presented here.
1.3. Ruelle-Pollicott asymptotics. From the above equidistribution results we de-
rive a Ruelle-Pollicott asymptotics for pseudo-Anosov maps. For linear pseudo-
Anosov maps on higher genus surfaces, a complete Ruelle-Pollicott asymptotics
has been obtained by F. Faure, S. Gouëzel and E. Lanneau [FGL]. For toral Anosov
diffeomorphisms the Ruelle-Pollicott asympotics follows from the work of P. Giuli-
etti and C. Liverani [GL]. V. Baladi [Ba] has given an independent proof that in the
toral case there are no “deviation resonances” in the Giulietti-Liverani asymptotics
(see Remark 1.8 below).
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Corollary 1.7. Let us assume that the diffeomorphism A is of class Cr with r > 2.
Then A has a Ruelle-Pollicott asymptotics in the sense that, for any f ,g ∈C1(M),
the correlations 〈 f ◦An,g〉 with respect to the Margulis measureM have an expan-
sion
(6)
〈 f ◦An,g〉= (
∫
M
f dM)(
∫
M
gdM)
+
k
∑
i=2
Ji
∑
j=1
Ci, j( f ,g,n)n
j−1
(
µi
ehtop(A)
)n
+R( f ,g,n)
nmax(J
0
A ,1)+1
enhtop(A)
,
with Ci, j( f ,g,n) and R( f ,g,n) uniformly bounded: there exists a constant C > 0
such that, for all n ∈N we have
k
∑
i=2
Ji
∑
j=1
|Ci, j( f ,g,n)|+ |R( f ,g,n)| ≤C| f |C1(M)|g|C1(M) .
Remark 1.8. (Comparison with a result of V. Baladi [Ba], Corollary 2.5) A similar,
but more refined, Ruelle-Pollicott asymptotics is proved in [Ba] for the case of
Cr Anosov diffeomorphisms of the 2-torus, a case for which the spectrum of A# :
H1(T2)→H1(T2) has a unique expanding eigenvalues µ1 = λ > 1 (and no neutral
eigenvalues).
In fact, she proves (see [Ba], Corollary 2.5) that for any r > 1 there exist con-
stants C > 0 and ρ ∈ (0,1) such that for all f ,g ∈Cr−1(T2), and for all n ∈ N,
∣∣∣∣〈 f ◦An,g〉− (
∫
T2
f dM)(
∫
T2
gdM)
∣∣∣∣ ≤Cρn| f |Cr−1 |g|Cr−1 .
The error term in the above estimate is refined as follows. Let λ+ > 1> λ− denote
the Lyapunov exponents. There exists ρ˜A < ehtop(A)min(λ+,(λ−)−1)−
r−1
2 such that
for ρ˜A < 1 the estimate holds for some ρ < e−htop(A). In particular, there exists
r1 > 1 such that whenever A is of class Cr for r > r1 then ρ˜A < 1 and the estimates
hold for some ρ < e−htop(A). For ρ˜A ≥ 1 the estimate holds for any ρ > e−htop(A)ρ˜A.
The paper is organized as follows. In Section 2 we prove a representation lemma
for stable and unstable cohomology classes in terms, respectively, of stable and
unstable closed (basic) currents in the dual space of 1-forms of class C1 (Lemma
2.1). From the representation lemma and de Rham theorem we derive a result on
the asymptotics of the action of the pseudo-Anosov diffeomorphism on the space
of closed currents dual to the space of 1-forms of class C1. In Section 3 we apply
the results of Section 2 first to a special sequence of return leaves of the unstable
foliation, then after proving a standard decomposition lemma (see Lemma 3.1), to
all leaves. We then complete the proof of the main result, Theorem 1.1. Finally, in
Section 4 we derive the proof of Corollary 1.5 on the deviation of ergodic averages
and Corollary 1.7 on the Ruelle-Pollicott asymptotics.
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2. GROWTH OF CLOSED CURRENTS
Lemma 2.1. There exist injective maps B± : E± → Z−1(M) ⊂ Ω1(M)∗ into the
subspace Z−1(M) of closed currents (of degree and dimension 1) dual to the space
Ω1(M) of 1-forms of class C1 on M such that
A∗ ◦B
± =B± ◦A# on E± ⊂ H1(M,C) .
Proof. There exists a linear map α : H1(M,C)→ Z1(M)⊂ Ω1(M) of closed form
of class C1 on M such that, for any C ∈ H1(M,C) we have that [α(C)] = C ∈
H1(M,C), hence there exists a (bounded) linear map u : H1(M,C) → Cr+1(M)
such that
A∗ ◦α = α ◦A#+du on H1(M,C) .
We note that since the exterior derivative is elliptic, for every C ∈ H1(M,C), the
function u(C) ∈Cr+1 under the hypothesis that A is aCr diffeomorphism.
By iterating the above identity, for anyC ∈H1(M,C), we have
(A∗)n(α(C)) = α [(A#)n(C)]+d[A∗(u((A#)n−1(C))]+ · · ·+d[(A#)n ◦u(C)] .
It follows that
(A∗)n ◦α ◦ (A#)−n = α +d ◦A∗ ◦u◦ (A#)−1+ · · ·+d ◦ (A∗)n ◦u◦ (A#)−n .
Let us give the argument for the unstable space E+ ⊂ H1(M,C), otherwise we
replace Awith it inverse A−1. We claim that, since the restriction A#|E+ is (strictly)
expanding, it follows by completeness that for every C ∈ E+ ⊂ H1(M,C), the
following limit exists inC0(M) (and in L2(M) in the volume preserving case):
U(C) := (A∗ ◦u)((A#)−1C)+ · · ·+((A∗)n ◦u)((A#)−nC)
=
∞
∑
k=1
((A∗)k ◦u)((A#)−kC) ∈C0(M) .
In fact, for every function u ∈C0(M) we have that
‖(A∗)n(u)‖C0(M) = ‖u‖C0(M)
and, in the volume preserving case, also
‖(A∗)n(u)‖L2(M,vol) = ‖u‖L2(M,vol) .
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Thus, since A#|E+ is (strictly) expanding, there exists ρ > 1 such that, for all k ∈N,
‖((A∗)k ◦u)((A#)−kC)‖C0(M) ≤
(
max
|C|=1
‖u(C)‖C0(M)
)
ρ−k ,
which implies the absolute convergence of the series, hence the claim.
It follows that the following limit exists in (C1(M))∗:
B
+(C) := lim
n→+∞
(A∗)n ◦α ◦ (A#)−n(C) = α(C)+dU(C) .
By construction we clearly have [B+(C)] = [α(C)] = [C] ∈ H1(M,C) and
A∗(B
+(C)) = lim
n→+∞
(A∗)n+1
(
α((A#)−n(C)
)
= lim
n→+∞
(A∗)n+1
(
α((A#)−(n+1)(A#C)
)
=B+(A#C) .
The map B+ : E+ → Z−1(M) is therefore defined, it is linear by its definition and
it is injective since [B+(C)] = [C] ∈H1(M,C). 
Remark 2.2. By definition of the Margulis measure, the currents in formula are
distributional eigenvectors for the diffeomorphism A for the eigenvalues λ±1 since
A∗B
+
1 (α) = B
+
1 (A
∗α) =
∫
M
M
−⊗A∗α =
∫
M
A−1∗ M
−⊗α = λB+1 (α) ,
A∗B
−
1 (α) = B
−
1 (A
∗α) =
∫
M
A∗α ⊗M+ =
∫
M
α ⊗A−1∗ M
+ = λ−1B−1 (α) .
Since the eigenvalues λ±1 for action A∗ of the diffeomorphism A on H1(M,C) are
simple, it follows that the Margulis currents B±1 in formula (1) are (up to multi-
plicative constants) the unique distributional eigenvectors of eigenvalues λ±1 for
the linear map A∗ on the space of closed 1-currents.
Let us recall that Z−1(M) denotes the space of closed currents of dimension and
degree 1 onM dual to the space of 1-forms of classC1. Let E+, E− and E0 denote,
respectively, the unstable, the stable and the central stable space of the linear map
A# : H1(M,C)→ H1(M,C) induced by A :M →M on the first cohomology of M.
There is a direct decomposition
(7) H1(M,C) = E+⊕E−⊕E0 .
By Lemma 2.1 there exist maps B± : E±→ Z−1(M) such that
A∗ ◦B± =B± ◦A# on E± .
There is also a linear map B0 : E0 → Z1(M), with values in the space Z1(M) of
closed smooth 1-forms, and a linear map F : E0 →C∞(M) such that
A∗ ◦B0 =B0 ◦A#+dF on E0 .
The restriction A#|E0 is by definition a unipotent linear operator. Let J0A the dimen-
sion of the largest Jordan block of A#|E0.
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For every closed current γ ∈ Z−1(M) let [γ ] ∈H1(M,R) denote its cohomology
class and let [γ ]+, [γ ]− and [γ ]0 denote, respectively, the projections of the coho-
mology class [γ ] on the subspaces E+, E− and E0 according to the decomposition
in formula (7), that is, for all γ ∈ Z−1(M) we have
[γ ] = [γ ]++[γ ]−+[γ ]0 , with [γ ]± ∈ E± and [γ ]0 ∈ E0 .
Lemma 2.3. There exists C > 0 such that, for any closed current γ ∈ Z−1(M) of
dimension 1 (and degree 1) and for any n ∈N, we have
‖An∗(γ)−B
+
(
(A#)n[γ ]+
)
‖−1 ≤C‖[γ ]‖n
max(J0A,1) .
Proof. For every n ∈ N, there exist X±(n) ∈ E±, X0(n) ∈ E0 and a current Un
of dimension 2 (and degree 0) in the dual space of the space of 2-forms with C0
coefficients, such that we can write
An∗(γ) =B
+(X+(n))+B−(X−(n))+B0(X0(n))+dUn .
We therefore have the identities
An+1∗ (γ) =B
+(X+(n+1))+B−(X−(n+1))+B0(X0(n+1))+dUn+1
= A∗
(
B
+(X+(n))+B−(X−(n))+B0(X0(n))+dUn
)
=B+(A#X+(n))+B−(A#X−(n))+B0(A#X0(n))+dF(X0(n))+dA∗Un .
By projecting the above identity on cohomology we have
X±(n+1) = A#X±(n), X0(n+1) = A#X0(n) and
Un+1 = F(X
0(n))+A∗(Un) ,
from which we derive that
X±j (n) = (A
#)n(x±(0)) = (A#)n([γ ]±),
X0(n) = (A#)n(X0(0)) = (A#)n([γ ]0) ,
and that there exists a constant C > 0 such that
‖Un‖C0(M)∗ ≤C‖[γ ]
0‖nmax(J
0
A ,1) .
In fact
‖Un+1‖C0(M)∗ ≤ ‖A
∗(Un)‖C0(M)∗ +CF‖X
0(n)‖
≤ ‖Un‖C0(M)∗ +C
′
F(n+1)
max(J0A,1)−1‖X0(0)‖ ,
hence
‖Un‖C0(M)∗ ≤C
′
F‖[γ ]
0‖
n
∑
m=0
(m+1)max(J
0
A,1)−1 ,
thus the argument is concluded. 
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3. CLOSEST RETURN LEAVES
In this section we derive the asymptotics for closed currents given by closest re-
turn leaves of the unstable foliation. We measure distances onM along the unstable
and stable foliations by the conditional measures L± of the Margulis measure.
For all x ∈M let Is(x) denote a stable curve centered at x ∈M of unit length and
let γ¯(x) be an unstable return curve with endpoints x,y ∈ Is(x) with no other inter-
sections with Is(x). Let γ(x) = γ¯(x)∪ Js(x,y) denote the closed arc which is union
of the unstable curve γ¯(x) with the stable curve Js(x,y) ⊂ Is(x) with endpoints
x,y ∈ Is(x). By compactness there exist constants C > c> 0 such that
c≤ L+(γ¯(x))≤C .
For every n ∈ N, let then γ¯n(x) and γn(x) be the curves
γ¯n(x) = A
n (γ¯(A−n(x))) and γn(x) = An (γ(A−n(x))) .
Let λ = ehtop(A) denote the expansion rates of the diffeomorphism A on M with
respect to the unstable Margulis measure. We have
cλ n ≤ L+(γ¯n(x))≤Cλ
n .
We have the following decomposition result:
Lemma 3.1. Any unstable curve γ¯ has a decomposition into consecutive closest
returns closed curves,
(8) γ¯ =
n
∑
ℓ=1
mℓ
∑
m=1
γ¯ℓ(xℓ,m) + γ0 ,
such that cλ n ≤ L+(γ¯)≤Cλ n+1 and, for all 1≤ ℓ≤ n,
(9) mℓ ≤Cλ/c , L
+(γ¯ℓ(xℓ,m)) ∈ [cλ
ℓ,Cλ ℓ] and L+(γ0))≤Cλ/c .
Proof. Let x ∈M denote the initial point of γ¯ . Let n ∈N denote the unique integer
such that γ¯n(x)⊂ γ¯ . We have
cλ n ≤ L+(γ¯n(x)) ≤ L
+(γ¯)≤ L+(γ¯n+1(x)) ≤Cλ
n+1 .
Let then xn,1 = x. Let y denote the endpoint of γ¯n(x). Let then n′ denote the largest
integer such that γ¯n′(y)⊂ γ¯ \ γ¯(x). If n′ = n, we set y= xn,2, otherwise if n′ < n we
set y= xn′,1. We keep iterating this procedure. It is clear that
cmℓλ
ℓ ≤Cλ ℓ+1
otherwise the union of segments γ¯ℓ(xℓ,1)∪ . . . γ¯ℓ(xℓ,mℓ) would be covered by a seg-
ment γ¯ℓ+1(xℓ+1,mℓ+1). In particular, we have that L
+(γ0)≤Cλ/c.

Theorem 3.2. There exists a map C+ : Γ+ → E+ on the set Γ+ of unstable curves
with bounded range in E+ ⊂ H1(M,C), such that for any unstable curve γ¯ of un-
stable length L+(γ¯)> 1 we have
(10) ‖γ¯ −B+((A#)
[ log(L
+(γ¯))
htop(A)
]
(C+(γ¯)))‖−1 ≤C[log(1+L
+(γ¯))]max(J
0
A,1)+1 .
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Proof. For any x,y ∈ M, let Ix,y denote a curve of bounded length joining x to y.
For any unstable curve γ¯ with endpoints x and y ∈M, let γ = γ¯∪ Ix,y. There exists a
current uγ of degree 0 (and dimension 2) in the dual space of the space of 2-forms
with C0 coefficients
γ =B+([γ ]+)+B−([γ ]−)+B0([γ ]0)+duγ .
By the decomposition lemma we also have
γ¯ =
n
∑
ℓ=1
mℓ
∑
m=1
γ¯ℓ(xℓ,m) + γ¯0 ,
with γ¯ℓ(xℓ,m) = Aℓ∗
(
γ(A−ℓ(xℓ,m))
)
, hence there exists a constant C > 0 such that
‖γ¯ℓ(xℓ,m)−B
+
(
(A#)ℓ[γ(A−ℓ(xℓ,m)]
+
)
‖−1 ≤Cℓ
max(J0A,1) ,
and by summation
‖γ¯ −
n
∑
ℓ=1
mℓ
∑
m=1
B
+
(
(A#)ℓ[γ(A−ℓ(xℓ,m)]
+
)
‖−1 ≤Cn
max(J0A,1)+1 .
Let C+(γ¯) ∈ E+ denote the cohomology class
(11) C+(γ¯) :=
n
∑
ℓ=1
mℓ
∑
m=1
(A#)
−([ log(L
+(γ¯))
htop(A)
]−ℓ)
[γ(A−ℓ(xℓ,m))]
+ .
Since by the decomposition lemma we have
n≤
log(L+(γ¯)/c)
logλ
=
log(L+(γ¯)/c)
htop(A)
,
and since (A#)−1 is contracting on the unstable space E+, by the decomposition
lemma, it follows that there exists a constant C′ > 0 such that
‖C+(γ¯)‖ ≤C′ , for all γ¯ ∈ Γ+ .
The result follows. 
Proof of Theorem 1.1. It follows from Theorem 3.2 by writing the asymptotics in
formula (10) with respect to a Jordan basis of A#|E+. The lower bound on the co-
efficients along subsequences in formula (3) holds by Lemma 2.3 along sequences
of closest return leaves. In fact, it is known that for every projection given by a Jor-
dan basis of A# in H1(M,R) and for all x ∈M \Σ with infinite forward orbit, there
exists a close return orbit γ(x) with non-zero projection (see for instance [Bu14],
Prop. 2.9, or [DHL14], § 5.3). We recall below a proof of this statement for the
convenience of the reader.
Let I denote any stable arc. The return map of the unstable flow hX
R
to I is
an Interval Exchange Transformation and that the flow hX
R
is a suspension of that
Interval Exchange Transformation under a piece-wise constant roof function.
It is well-known that the set of loops equal to the union of a first return or-
bit of hX
R
(to any given transverse stable arc I) with a transverse (stable) segment
joining the endpoints spans the relative homology group H1(M \Σ,Z) (see for in-
stance [Yoc10], §4.5). By Poincaré duality, it follows that, for every given Jordan
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projection (induced by a Jordan basis of the map A# on H1(M,R)), there exists a
subinterval J ⊂ I ⊂M such that the cohomology class of the loop γI(x), given by
the union of the return orbit of any point x ∈ J with a transverse (stable) arc Ix ⊂ I,
has a non-zero projection.
Let now x ∈ I ⊂M \Σ be an arbitrary point with infinite forward orbit. Let γ¯ ′(x)
denote the orbit arc until the first visit of the forward orbit hX
R+
(x) to the subinterval
J and let γ ′(x) denote the loop given by the union of γ¯ ′(x) with a transverse (stable)
interval I′ ⊂ I. Let γ¯ ′′(x) denote the smallest orbit arc of the forward orbit hX
R+
(x)
which is strictly larger then γ¯ ′(x) and let γ ′′(x) denote the the loop given by the
union of γ¯ ′′(x) with a transverse (stable) interval I′′ ⊂ I.
We claim that the given Jordan projection of either the cohomology class [γ ′(x)]∈
H1(M,Z) of the loop γ ′(x) or cohomology class [γ ′′(x)] ∈ H1(M,Z) of the loop
γ ′′(x) is non-zero.
In fact, let x′ ∈ J ⊂ I denote the endpoint of the orbit arc γ¯ ′(x) and let γI(x′)
denote the loop given by the union of the return orbit of x′ ∈ J with a transverse
(stable) arc Ix′ ⊂ I. On the one hand, by hypothesis we have that the given Jordan
projection of the class [γI(x′)] is non-zero; on the other hand, by construction we
have
[γ ′′(x)] = [γ ′(x)]+ [γI(x
′)] in H1(M,Z) ,
hence the claim follows.
The lower bounds in the statement of Theorem 1.1 follow from the above claim
on Jordan projections of orbit arcs and from Theorem 3.2. 
From the statement of Theorem 1.1 we derive:
Proof of Addendum 1.3. Since the currents B±1 and B
±
i, j are closed, it is enough to
prove that, for every vector field Y± tangent to the unstable/stable foliation F±, we
have that
ıY±B
±
1 = ıY±B
±
i, j = 0 , for all i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji} .
By Theorem 1.1 for any vector field Y := Y+ tangent to the unstable foliation, and
for every 2-form w of class C1 we have, since
∫
γL(x)
ıYw= 0,
(12)
|LB+1 (ıYw)−
k
∑
i=2
Ji
∑
j=1
ci, j(x,L)B
+
i, j(ıYw)(logL)
j−1
L
log |µi |
htop(A) |
≤C‖ıYw‖C1(M)[log(1+L)]
max(J0A,1)+1 .
The above inequality immediately implies that (ıYB
+
1 )(w) = B
+
1 (ıYw) = 0, then by
the lower bound on coefficients ci, j(x,L) given in Theorem 1.1, it also follows by
finite induction on (i, j), with respect to the lexicographic order (such that (i, j) <
(i′, j′) iff i< i′ or i= i′ and j > j′) that
(ıYB
+
i, j)(w) = B
+
i, j(ıYw) = 0 , for all i ∈ {2, . . . ,k}, j ∈ {1, . . . ,Ji} .
Since w is an arbitrary 2-form of class C1, the Addendum is proved in the case of
the unstable foliation. The statement for the stable foliation follows by considering
the case of the unstable foliation for the inverse map A−1.
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
Finally, we detail the construction of asymptotic functionals:
Proof of Theorem 1.4. Let γ¯ be any unstable arc. We claim that the limit
β+(γ¯) := lim
k→∞
A−k∗ B
+((A#)
[ log(L
+(Ak γ¯))
htop(A)
]
(C+(Akγ¯)))
exists. In fact, this claim is easily reduced to existence of the limit
C∞(γ¯) := lim
n→∞
C
+(Akγ¯).
It follows from the definition of the map C+ : Γ+ → E+ in formula (11) that there
exists a sequence {xℓ,m|ℓ ∈ N,1≤m≤ mℓ} ⊂ γ¯ such that, for all k ∈ N,
C
+(Akγ¯) =
n+k
∑
ℓ=1
mℓ
∑
m=1
(A#)
−([ log(L
+(Ak γ¯))
htop(A)
]−ℓ−k)
[γ(A−ℓ(xℓ,m))]
+
=
n+k
∑
ℓ=1
mℓ
∑
m=1
(A#)
−([ log(L
+(γ¯))
htop(A)
]−ℓ)
[γ(A−ℓ(xℓ,m))]
+ .
Since the cohomology classes [γ(A−ℓ(xℓ,m))] are uniformly bounded, the limit of
the above sequence exists and it is equal to the sum of a convergent series, that is,
C∞(γ¯) :=
+∞
∑
ℓ=1
mℓ
∑
m=1
(A#)
−([ log(L
+(γ¯))
htop(A)
]−ℓ)
[γ(A−ℓ(xℓ,m))]
+ .
The scaling property follows since the definition is well-posed, in fact
β+(Aγ) := lim
k→∞
A−k∗ B
+((A#)
[ log(L
+(Ak+1 γ¯))
htop(A)
]
(C+(Ak+1γ¯)))
= A∗ lim
k→∞
A−(k+1)∗ B
+((A#)
[ log(L
+(Ak+1 γ¯))
htop(A)
]
(C+(Ak+1γ¯))) = A∗β
+(γ) .
It is clear by the definition that the map C∞ is invariant under (regular) stable
holonomies of unstable arcs. As a consequence, it is possible to extend the func-
tional B+ to any rectifiable arc by decomposition into finally many paths, which
are equivalent to unstable paths under stable holonomies.
Finally, it follows immediately from Theorem 3.2 that there exists a constant
C > 0 such that,for any unstable arc γ¯ , we have
‖γ¯ −β+(γ¯))‖−1 ≤C[log(1+L
+(γ¯))]max(J
0
A,1)+1 .
By the above-mentioned decomposition, we then derive that, for any γ ∈ Γr,
‖γ −β+(γ))‖−1 ≤C(1+L
−(γ))[log(1+L+(γ))]max(J
0
A ,1)+1 ,
as stated. 
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4. DEVIATIONS OF ERGODIC INTEGRALS AND RUELLE-POLLICOTT
ASYMPTOTICS
In this final section, we complete the proofs of Corollary 1.5 on deviations of
ergodic integrals for unstable vector fields and Corollary 1.7 on the Ruelle-Pollicott
asymptotics.
We first verify our claim that, as a consequence of Addendum 1.3, the measure
DX1 = B
+
1 ∧ Xˆ and, for all i ∈ {2, . . . ,k} and all j ∈ {1, . . . ,Ji}, the distributions
DXi, j = B
+
i, j ∧ Xˆ are X -invariant. Let B any basic current of degree and dimension 1
for the unstable foliation on M \ Σ. The current B∧ Xˆ is a current of degree 2
and dimension 0. Since the contraction operator ıX is surjective onto the space of
functions, it is enough to prove that ıXLX(B∧ Xˆ) = 0, as the latter identity then
implies LX(B∧ Xˆ) = 0. Indeed, since ıXB= dB= 0 and ıX Xˆ = 1 we have
ıXLX(B∧ Xˆ) = ıXdıX(B∧ Xˆ) =−ıXdB= 0 .
Thus our claim is proved. We then proof our result on deviations of ergodic aver-
ages.
Proof of Corollary 1.5. For all x ∈M \Σ, let γXT (x) denote the orbit of the unstable
vector flow hX
R
on M \Σ (which we assume defined). Let LT (x) denote the Mar-
gulis unstable measure of the orbit γXT (x), that is, according to the notations in the
statement of Theorem 1.1 we have
γXT (x) = γLT (x)(x) .
For any f ∈C1(M), let η f := f Xˆ . By Theorem 1.1, formula (2) and our definitions,
since ∫
γL(x)
η f =
∫ T
0
f ◦hXt (x)dt ,
we have the expansion (for some constant CX > 0):
(13) |
∫ T
0
f ◦hXt (x)dt−LT (x)D
X
1 ( f )
−
k
∑
i=2
Ji
∑
j=1
ci, j(x,LT (x))D
X
i, j( f )(logLT (x))
j−1
LT (x)
log |µi|
htop(A) |
≤CX‖ f‖C1(M)[log(1+LT (x))]
max(J0A,1)+1 .
For the case of the constant function f = 1 we have that, for some constant C′X > 0,
(14) |T −LT (x)D
X
1 (1)−
k
∑
i=2
Ji
∑
j=1
ci, j(x,LT (x))D
X
i, j(1)(logLT (x))
j−1
LT (x)
log |µi |
htop(A) |
≤C′X [log(1+LT (x))]
max(J0A,1)+1 .
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The statement then follows from formulas (13) and (14). Indeed, by formula (14)
the ratio LT (x)/T is uniformly bounded from above and below, so that the coeffi-
cients
cXi j(x,T ) := ci, j(x,LT (x))(
log(LT (x)T )
logT
+1) j−1(
LT (x)
T
)
log |µi |
htop(A)
are uniformly bounded from above, and from formula (13), for any function f of
class C1, of zero average with respect to the invariant measure µX , we have
(15) |
∫ T
0
f ◦hXt (x)dt−
k
∑
i=2
Ji
∑
j=1
cXi, j(x,T )D
X
i, j( f )(logT )
j−1T
log |µi |
htop(A) |
≤CX‖ f‖C1(M)[log(1+
LT (x)
T
T )]max(J
0
A,1)+1 .
For general functions of class C1 the conclusion follows by considering their pro-
jections onto the subspace of functions of zero average.

Proof of Corollary 1.7. Since A is of class Cr with r > 2, its unstable foliation is
of class C1+α for α > 0. Let φ+ : M×R → M the flow of class C1+α defined
by following the (one-dimensional) unstable leaves with the speed determined by
the Margulis measure. In more precise terms, given an orientation of the unstable
leaves, for every (x, t)∈M×R the point φ+t (x) is the unique point which belongs to
the unstable leaf F+(x) of x, such that L+(x,φ+t (x)) = |t| with [x,φ
+
t (x)] oriented
in positive or negative direction depending on the sign of t 6= 0.
By definition the flow φ+ preserves the Margulis measure, so that we have
〈 f ◦An,g〉 =
1
σ
∫ σ
0
〈 f ◦An ◦φ+t ,g◦φ
+
t 〉dt .
By integration by parts we have the formula
(16)
∫ σ
0
〈 f ◦An ◦φ+t ,g◦φ
+
t 〉dt = 〈
∫ σ
0
f ◦An ◦φ+t dt,g◦φ
+
σ 〉
−
∫ t
0
〈
∫ s
0
f ◦An ◦φ+τ dτ ,
d
ds
(g◦φ+s )〉ds
Since the unstable curves are parametrized by the Margulis measure, by change of
variables we have
(17)
∫ s
0
f ◦An ◦φ+τ dτ =
1
λ n
∫ λ ns
0
f ◦φ+τ ◦A
ndτ .
Let then η+ denote a 1-form of class C1+α such that η+( ddt φ
+
t ) ≡ 1. The 1-form
η+ restricts to the oriented Margulis measure on unstable leaves and can be taken
to have kernel tangent to the stable foliation. By this definition we have, for all
x ∈M, n ∈N and s ∈ R, and for all f ∈C1(M),
∫ λ ns
0
f ◦φ+τ ◦A
n(x)dτ =
∫
γλns(An(x))
fη+ .
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By Theorem 1.1 and by formula (17) we have
|
∫ λ ns
0
f ◦An ◦φ+τ (x)dτ −
1
λ n
k
∑
i=1
Ji
∑
j=1
ci, j(x,λ
ns) log(λ ns) j−1(λ ns)
log |µi |
htop(A)B+i, j( fη
+)|
≤C‖ f‖C1(M)
[log(1+λ ns)]max(J
0
A,1)+1
λ n
.
We can assume that the function f has zero average, hence we have
B+1 ( fη
+) =
∫
M
fM−⊗η+ =
∫
M
f dM= 0 ,
so that by inserting the above asymptotics in formula (16) we derive the desired
expansion for correlations.

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